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Extrema of functions of one variable

Local extrema havé’(x) = 0
includes maxima, minima, and stationary points of inflectio
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Revision, part ii

Extrema of functions of multiple variables. Taylor’s theor and the
chain rule in N-D. Hessians and classification of extrema.
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Classification of extrema

Local extrema havé’(x) =0

» f”(x) > 0 local minima
» f”(x) <0 local maxima local max

» f”(x) =0 it might be a stationary
point of inflection, depending on
higher order derivatives, e.g*. &

stationary point

1 A\ L

local min
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Functions o variables

Let Q be a closed region dR", i.e. Q C IR"

Letx = (X1, X2,...,%n) € Q

Letf:Q—= 1R

A local minima if f (-) is pointx such that there exisés> 0 where

vvyyvyy

f(X) > f(x)

for anyX € B(x;9).
» A global minima off (-) on Q is pointx such that

f(%) > f(x)

for anyX € Q.
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2D example 2

» f(x,%)=r—1/2r2 where
r=vx+x

» global maxima on curve=1

» local minimaatr =0
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2D example 1

> f(x,X) =X X5 +X
» local maximum at—2/3,0)
» saddle point at0,0)
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2D example 3

> (X, %) = X3 —3xéx,
» Monkey saddle at0.0)
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The Chain rule

The derivative of a functiorfi (x,%2) along a line described parametrically
by (xa(t),%2(t))
df . of dxq of dx
d " ox d | ox dt
Another way to think of this is as the directional derivatieemed from
the dot product of grad and the direction of the line, e.g.,

df dx
- = 0Of-—=
dt dt

_ (2t oty (o de
- aXl’ aXZ dt ’ dt
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A graphical example

For a function of two variable$(x,y) we get
df _af o of dy
dt  oxdt dydt

f(xy) = x+y
x = codt

y = sint N,l )
')’,‘{‘r;‘”‘“"“‘ /

- 1
y 2 -05 0 0.5

-15 -1
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Chain Rule for more variables

The chain rule (for a function of more than one variable)
f(x) = f(x1,X,...,X), where we want to find the derivative of a function

f(x) along a line described parametrically Py (t),Xx(t),...,Xs(t)) then
we take

df_afdxl of dxo of dx,
a o dt o dt ok dt
or alternatively

di _ (of ot oy (dude
at 0 0%’ 0%, ) T\ dtdt T dt

dx
= Of.—
dt
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Chain Rule Derivation

By the definition
df . f(t+e)yt+e) — f(x(t).y()
dt £—0 €

But note that from Taylor’s theorem
X(t+€) = x(t) +eX(t) + O(?).
As we consider the limit as— 0 we may ignore th@(g?) term, to get

g — lim f(X(t)+€X/(t)7y(t)+8y’(t>)_f(X(t)7y(t))
dt - e—0 €
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Chain Rule Derivation

df ) X (.0 +eY (D) — Fxt)y(0)
d &0 IS

i OO+ X0, (0 ey (1) — F(x(0), (0 &y (1)
H: IRLCE +ey<8t>>8— F(X(1), (1)
= X()lim f<X<t>+8%<t>,y<t>+szfx</t(g F(X(1),Y() +&Y' (1))
(0 i TOIO +e£yy<t(2; IORT)
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Chain Rule special case

When we only have one variable, we simple want to calculage th
derivative of a functiorf of another functiorx, e.g.

d df dx
af(x(t)):&a

Another way of writing this is

d :
SHXO) = £ )X (),

which is the form you learnt in 1st year.
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Chain Rule Derivation

il X(t)lim f(X(t)+8><’(t),y(t)+s>/(ti)— f(x(t),y(t) +ey(t))

dt €0 ex'(t)

F(X(t).y(t) +2y'(1) — f(x(0) y(t))
HOm 0
~ ¥t im 1 “>+€X’V<t>+8>/<tii— F(x(t). y(t) + £y (1))
W) slyiTO f(x(1),y(t) +s:;3/ — f(x(t),y(t))
— X305

which is the chain rule!
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Taylor’s theorem in 2D

of of
f(X1+6X1,X2+6X2) = f(Xl,Xz) —|—5X16—X1 —|—5X26—X2
62f 02f 0% f
2 2

Write (6X1,6X2) =E&X (nla n2)

of of
focken) = 109+ (g +nag )

+£2[ ,02f R2f 02t

3
nla 2 + r]lrlzax % ‘H126X2] +0(e%)
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Taylor’s theorem in N-D

L1 N 92f
f(x48x) = f(x +Zla>q +35 Z: 3% &% X + O(dx%)

f(x+8x) = f(x)+"Of (x) + %5XTH (x)dx + O(dx3)

WhereH (x) is the Hessian matrix

f 9> f L 9> f
0X1 0X10X%2 0X10%n
ot et o
020X, 2 0X20.
H (X) _ 20X1 0x5 20X%n
ottt
axnax1 aXnaXZ aXﬁ
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Quadratic forms

A quadratic form

X) =Y ajxixj = x"Ax
I7J

is said to be positive definite @(x) > 0 for all x # 0.

A quadratic form is positive definite iff every eigenvaluefofs greater
than zero.

A quadratic form is positive definite if all the principal nars in the
top-left corner ofA are positive, in other words

a;n a2 a3
>0, Ay Ay as | >0,---

az; dz2 ass

a1 a2
aip > 0,

dp1 Az
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Maxima of N variables

If a smooth functionf (x) has a local extrema atthen
of af  af\'
OfX)=z—5—1--.,2— | =

A sufficient condition for the extremato be a local minimum is for the
quadratic form

n

Q(dxq,...,0%,) = O H(x 21

to be strictly positive definite.
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Notes on maxima and minima

» maxima off (x) are minima of—f (x).
» haven't said anything about non-differentiable functions

» if continuous in the interval, must achieve maximum (minm)un
the interval
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Calculus of variations Integral functionals

» We are not maximizing the value of a function. Previous functionals not very interesting.
Easy to findy(x) which minimizes these.
Integral functionals are more interesting.

Example integral functionals

>

» We are maximizing &unctional >
— a function of a function >

>

» Can think of it as are-dimensional max. problem.
> can choose between different functions
> function sits inc-dimensional vector space Fly} = /by(x)dx
» This might take some effort. &

Fiyh = [ fooyixx

b dy 2
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Functionals Some simple cases

A Functional maps an element of a vector space (e.g. a space containing

functions) to a real number, e.g.: S— IR b(e)
_ Fiy) = [ y(xe)ax
Example Functionals a(e)

dF db da  [b® gy(x,€)
Fiy®} = Iy & V<b’8>£—y<a’€>&+/a@ e X

Fiy®¥} = maxy(x)} _
X If aandb are fixed then

Py = gl @
FIY} = y(O+y() <

N — =0
PO} = 3 a e

and so the derivative of the integral becomes the integrdietierivative.
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Crude Brachystochrone

Brachystochrone involves the functional

X1 1 2
Py = [y

Let us guess that the brachystochrone takes the form

y(x.€) = (1- X)s

We could calculate the derivative WRTas above and compute the
stationary points by finding

dF

S

de
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Crude Brachystochrone
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» but what if the family of curves doesn’t contain the maximum?
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Crude Brachystochrone

(1-x), total time = 2.00 (1-%).%%, total time = 2.03

(l—x).A, total time = 1.88

1.5 v H
—wire 2 E
—velocity : :
1 1 ‘?w—wire ‘%““‘—Wi"e
i ¢ |[—velocity ¢ |— velocity
6} 0 - ;
0 0.5 1 0 0.5 1 0.5 1
X X X
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Extra bits
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Notation

» f(X):S— IRdenotes a function that maps the Set IR" to a real
number.

% denotes thath partial derivative off (x), with respect tox.

» thee-neighborhood under the Euclidean norm is
B(x;e) ={X e IR"| |x—X]|]2 < €}

» The Euclidean norm ilR"is ||x[2 = /S, ¥
» F{y} denotes a functional of the functigrix).
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