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Special case 3

Whenf has no explicit dependence gnhe E-L equations simplify to
give

of _ const
oy

An example where we might use this is in calculating geodesnc
non-planar objects such as the sphere.
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Euler-Lagrange equation

Theorem 2.2.1: L€ : C2[Xo, X1] — IR be a functional of the form

F{y}=/XOX1f(w,>/)dx,

wheref has continuous partial derivatives of second order witheesto
X, y, andy’, andxp < X;. Let

S— {y c Cz[xo,xl] \ Y(Xo) = Yo andy(X;) = Y1} ;

whereyy andy; are real numbers. if € Sis an extremal foF, then for all

X € [Xo,Xq]
d (of\ _of |
dx \ay / oy
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No explicity dependence

Suppose the function is of the form

= [ " f(x,y)dx

wherey does not appear explicitly.

The Euler-Lagrange equation reduces to

of

ay

wherec; 1S a constant.
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Solving

g—;, is a known function ok andy’,

so this is a first order DE foy.

. 2
In principle form = 0 can recast

of
Gy —C1 8s y =9g(X,C1)

for someg.
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Geodesics on the unit sphere

Find the shortest path between two points on the unit sphere.
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Spherical co-ordinates

efine

A latitude A
0 = longitude

artesian co-ordinatés, y, z)

X = c090)cogA)
y = sin(@)cogA)
z = sin(A)

y
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Transformation to spherical co-ord.

X = c090)cogA)
y = sin(0)cogA)

z = sin(A)
Chain rule
dx = %dGJrg—;\(d)\ = —sin(0)cogA)dB —cog6)sin(A)dA
dy = %d6+g—;\/d)\ = €090)cogA)dB —sin(0) sin(A)dA
dz = %dGJr%d)\ = CcOgA)dA

ds? = dx? 4 dy? + dZ = dA? 4+ co$ (A )d6?
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Geodesics on the unit sphere

(X(s1),Y(s1),2(s1)) M
/ lds = /
(X(s0),Y(S0),2(%0)) Ao

Bis likey, A is like x, 9

27 3
1+ cos (M) (%) } dA

— @' is likey, hence EL egn:

’d)\

1
2

0 [1+cos'(N)6”]

00 -
cos(\) e
r — G
[1+ cog(A)62)2
cost(N)0? 5
= C
1+ co2(\)02 !
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The constant

cos’(\)e? 2
1+cog(\)@2 1
Now
0?cos'(A) < 8%cos(N) < 1+6%cog(A)
So
C1 € [—1, 1]
So we can replace;, with
cy = coqq)
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Geodesics on the unit sphere

Re-arrange
cos’(A\)B? = cf(1+cos(N)6?)
Re-arrange some more

Ci

912 _
cost(A) — ctcog(M)

. cf 2
o = { coZ(A)(coF(N) —c3) }
00 = gAc)

Analogous toy’ = g(x,¢1).
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Solving the DE

Insertc; = cog Q)

v coga)
cog) [cog(N) — cog(a)]?
5 — cog Q) 4\

/ cog) [cog(N) — co(a)]?

_ / sec()) "
se@(a) — se@(\)]?

— / sec(d) -d\  as seéx=1-+tarfx
tar?(a) — taré(N)]?2
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Solving the DE (part i)

g_ / seé(A d)\: 1 / sec()) A
tar?(a —tan2 tan(a) J 11— tar(A)/tark(a)]?

Substituteu = tan(A) / tan(a)

ThendA = ;Z‘g“ du

Variational Methods & Optimal Control: lecture 07 — p.23/



The solution

sin(0+4B) = :Z:((Z\(i

Note we can write this | 1 sin(\)
sin®+B) tan(a) cogA)

tan(a)cogA)sin(@+B) = sin(A)

tan(a) cogA) [sin(B) cog ) +cog0)sin(B)] = sin(A)

Convert back to Cartesian co-ordinates,

tan(a) sin(3)x+tan(a) cogP)y =z

which is the equation of a plane, through the origin.
Hence, solution is great circle, the intersection of plane (through the
origin) and the sphere.
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Example

/e can find the solution because
ree points (the origin plus the
art and end point of the curve) 1,
ofine a plane, and therefore the

blution is the intersection of this 0.54
ane with the sphere.

1 0.5
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Co-ordinate transformation

More generally, spherical co-ordinates

= rcog0)cogA)
y = rsin(6)cogA)
Zz = rsin(A)
And
dx dé x X o
dy |[=3| oA |, J=| ¥ ¥ ¥
dz dr gz 2

Whereld is the Jacobian matrix
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Jacobians

If

Then the Jacobian matrix is

gxl gxz T gxn
L a_y L an_ 6X2 aXn

J(X) I

aX]_ aXZ aXn
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The Jacobian determinant

Then the determinant of the Jacobian matrix is also sometoaked the
Jacobian

oy
0X
This gives the ratios af-dimensional volumes between the two co-ord.
systems, I.e.

X =

dy = [J(x)| dx
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Transforms and integrals

Substitution in 1Dy = @(x)

P(X1)
/ f(@ d(pdx / f(y)dy
®(Xo)

In 2D

[ foeyyaxay= [ Fx(uv).y(uv)
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Geodesics

Can we find a geodesic on other surfacelR¥?

Consider a surface parameterizedday x(u,v), y = y(u,v), and
z=z(u,Vv), and minimize the arc length

L:/dS:/\/dX2+dy2+d22

0X 0X
dx = ﬁdU—Fa—vdV
ox\ 2 0X 0X ox\ 2
2 oxX 2 OX OX Ox
dxc = <6u> du +26uavdudv+ <6v> av?

and likewise fordy? anddz’.
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Geodesics

So we can write the path length as

L = /\/P+2Qv’+Rv’2du

— /\/Pu’2+2Qu’+Rdv

whereu’ = du/dv andv' = dv/du and

- (323

~ 0x0x 0yody 0z0z
Q= Fuav Tauav auav

ox\ ° oy : 07\
R - (a—v) *(a—v) *(a—v>
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Geodesics

Then the Euler-Lagrange equations become

=0

TP +vEE d Q+RV
2\/P+2Qv+Rv2 dul\ \/P+2Qv +Rv?

References:
http://mthworld. wol framcom GeatCrcle. htm
http:// mat hworl d. wol fram conl Geodesi c. ht m
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http://mathworld.wolfram.com/GreatCircle.html
http://mathworld.wolfram.com/Geodesic.html

	
	Euler-Lagrange equation
	No explicit $y$ dependence
	Solving
	Geodesics on the unit sphere
	Spherical co-ordinates
	Transformation to spherical co-ord.
	Geodesics on the unit sphere
	The constant
	Geodesics on the unit sphere
	Solving the DE
	Solving the DE (part ii)
	The solution
	Example
	Co-ordinate transformation
	Jacobians
	The Jacobian determinant
	Transforms and integrals
	Geodesics
	Geodesics
	Geodesics

