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Abstract: We consider a variation of the M/G/1 queuein which, when the systemcontains more
than

�
customers,it switchesfr om its initial generalservice distrib ution to a differ ent generalservice

distrib ution until the server is cleared,whereuponit switchesback to the original servicedistrib ution.
Using a technique of Baccelli and Makowski (1985,1989)we define a martingale with respectto an
embeddedprocessand fr om this arri ve at a relationship betweenthe processand a modified Mark ov
renewalprocess.Using this an analysisof the stationary behaviour of the queueis possible.

Keywords: M/G/1 queue,threshold,martingales,Doob’s optionalsamplingtheorem,queueing
theory.
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1 Intr oduction

We shall considera single-server queueingprocessin which the arrivals are Poissonwith rate�
, andthe servicetimesaredistributedaccordingto oneor the otherof two generalprobability

distribution functions������� and 	
����� . Wedefinethenumberof customersin thesystemat time � to
be ������ .

If we considerthequeueto startwith ���������� , initially theservicetimesaredeterminedby
������� . This continuesuntil a stoppingtime ��������� . We call this periodphase1. At time ��������� , the
service-timedistributionswitchesto 	
����� . Theservice-timesfollow thisdistributionuntil asecond
stoppingtime ��������� whenthereis areturnto servicesgovernedby ������� . Wecall thissecondperiod
phase2.

For eachtime � thestoppingtime ��� ����� occursat thefirst time �"!#� , when����$�%�&� , immedi-
atelyaftera departurefrom theserver. Theotherstoppingtime �����'�(� canbeany stoppingtime � ,
whichoccursimmediatelyafteradeparture,suchthat �*)+�"),��� ����� almostsurely.

Thusthetwo typesof servicealternate.Themotivatingsituationis whenthetimes�����'�(� corre-
spondto thefirst timeafter � whenthesystemhasmorethanacertainnumberof customersin it at
theendof a service,or thesystembecomesempty. This couldcorrespondto a systemwherethe
serverservesatagivenrateuntil thesystembecomesoverfull, atwhichpoint it changesits service
strategy until it hasclearedthe queue,whereuponit changesbackto its old strategy. For exam-
ple, undersufficient load the server canrequestextra, possiblyexpensive, resourcesin order to
completeits taskmorequickly. It releasestheseextra resourceswhenthesystembecomesempty.

As is the casewith the usualM/G/1 queuewe considerthe embedded,discrete-timeprocess
formedwhenoneobservesthe numberof customersin the systemafter departures.In this case
this embeddedprocessdoesnot form a Markov chain,aswith thestandardM/G/1 case,without
the additionalcomplexity of supplementaryvariables. We follow the approachof Baccelli and
Makowski (1989)in defininganexponentialmartingalewith respectto theembeddedprocess,and
from this we establisha relationshipbetweenthe forward recurrencetimesin a typeof modified
discrete-timeMarkov renewal process,andthequeuelength.This is thefundamentalrelationship
of this paperandis expressedin Theorem4.1. Fromanalysisof theMarkov renewal process,the
limiting probabilitygeneratingfunctionof thesystemsizemaybeexpressedin termsof thatof the
statesojourntimesof theMarkov renewal process.Thesemaybecalculatedusingthemartingale
onceagain, in conjunctionwith conventionalprobabilisticarguments.

2 Preliminaries

We assumethroughoutthat all of the randomvariablesandstochasticelementsof this paperare
definedon someunderlyingprobability space�'-/.10".�23� andwe denotethe indicatorfunctionof
anevent � in 0 by 45���6� .

FollowingBaccelliandMakowski (1985,1989)weconsidertheembeddedprocess��87 � , where
87 is thenumberof customersin thesystemasseenby the 9 th departingcustomer. Note this is
not a Markov chainasit dependson thehistoryof theprocessandnot just uponthecurrentstate.
Thenumberof arrivalsduringthe 9 th serviceis givenby �:7 or 	*7 if thesystemis in phase1 or
2 respectively. ���;7 � and ��	*7�� aretwo sequencesof independent,identically distributedrandom
variables. We assumethat =<>�?� a.s.,that is, thereis a departureat time 0 which leaves the
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systemempty. Wecanthendefinethetwo generatingfunctions @A��B�� and CD��B�� by

@5��B��E�GF BIHKJ . CD��B��%�LF BIMNJ O
Both @A��B�� and CP��B�� canbe written asLaplace-Stieltjestransformsof their respective probability
distribution functions,

@A��B��%�L�RQ�� � �1SETUB��1�V. CD��B��%�L	WQI� � �XSETUB��X�XO
If we take themeannumberof arrivalsduringa serviceof typeA or typeB to be Y�Z or Y�[ respec-
tively, then @I\]�XS(����Y^Z and C_\]�1S`�3�aY�[ . We alsodefinetwo sequencesof NN-valuedstoppingtimes
��bc7�� and �'d$7 � by

be< � ��.
bcfg�

hjiek1l�m !&bcfonc�Ip 8q,�&��r�. if thesetis non-empty,s . otherwise,

d$fg�
hjiek1l bcfNt m )ubcfwvc�xp 8q+yGzer�. if thesetis non-empty,
bcfovc�X. otherwise.

Wecandefinethesequencesof events ��{E7 � and ��|}7 � respectively by

{E7 �
~
fo��<

l bcfN),9�t#d�f�r�.

|}7 �
~
fo��<

l d$fN),9�t&bcfovc�Xr�O

{E7 and |�7 arethe eventsthat the system,at departure9 , is in phase1 or phase2 respectively.
Clearly 45��{E7 �%��S%T+45��|}7 � for all 9 . Fromthesedefinitions

87�vc�?� 87RT+45��87���&���K�+�;7�vc�X45��{E7 �K�+	*7�vc�X45��|}7 �VO (1)

Wealsodefinetheincreasingsequenceof sigma-algebras��0�7 � by

0�7��L� l 8q�p���) m )+9�r�.
andtake

0 ~ �
~
7���< 0 7 O

2.1 The martingale

Wecannow defineamartingale ���>7���B��1� with filtration �'0�7�� by

�>< ��B��?� BI����.
��7A��B��?� B ���

7�nc�
� ��<

BI�(� ���1���<`�
@5��B��V45��{ � �N�,CD��B��V45��| � � .
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for B8�u����.�S(� . � 7 ��B�� is a 0 7 -measurable,non-negative, real-valuedrandomvariable.To demon-
stratethat it is a martingale we use(1), the fact that 8q , �;q , 	*q , {�q and |}q are all 0�7 -
measurablefor

m ),9 andthat �;7�vc� and 	;7�vc� areindependentto show that

FU� �>7�vc�I��B��Ip 0�7 ��� F B � �V¡ J
7
� ��<

BI�(� �¢�X���<(�
@A��B��V45��{ � �K�+CD��B��X45��| � � 0�7

� F BIH �V¡ J �(� £ � �jv M �V¡ J �(� ¤ � � 0�7 BI��� n �(� �¥����D<`�
7
� ��<

B �(� ���X��D<`�
@5��B��X45��{ � �K�,CD��B��V45��| � �

� B��¥�3� @5��B��V45��{E7 �N�,CD��B��V45��|}7��1�IB n �(� �¥�����<(�
7
� ��<

B �(� ���X���<(�
@A��B��X45��{ � �K�+CP��B��X45��| � �

� B��¥�
7�nc�
� ��<

B �(� �¢�X���<(�
@A��B��V45��{ � �K�+CD��B��X45��| � �

� � 7 ��B�� a.s.

As themartingaleis non-negative, FU�¦p§�>7$p��c�LFU� �>7 �¨t s . for B��U����.�S(� .

2.2 Stopping times

Wedefinetwo sequencesof stoppingtimesasfollows

� � �'9��?�
9E. if ©7�� phaseª and9�t s .hjiek1l�m !#9«p��' q !&z¬� or �' q �L���Vr�. if  7 � phaseS`.19�t s , setnon-empty.s . otherwise.

� � �'9��?�
hjiek1l�m !9«p ©q,�&��r�. if 9�t s andthesetis non-empty.s . otherwise.

wherez=� NN is thethreshold.Alsowemaydefinefoursequencesof times ��®�����9��1�V.���®(���'9��X�X.��'¯�����9¢�X�
and ��¯$���'9��X� in thesamewaybut it is moreinstructive to definethemasfollows

® � �'9��?� � � ��9��NT�9E.
®(���'9��?� ��� ��9��NT�9E.
¯%�I�'9��?� ��. ©7��&��.

®�����9��X.&©7°��&��.
¯$���'9��?� ��. ©7��&��.

®`� ��9��X.&©7°��&��O

The only differencebetweenthe ¯ s and ® s occurswhen  7 �±� . We shall later use ¯ � �'9�� and
¯$���'9��^T©¯�����9¢� asforwardrecurrencetimesin theMarkov renewal processwhile ®�������� and ®(��������T
®�������� will beusedassojourntimes.

3 Useof the optional sampling theorem

Lemma 3.1 For thedefinitionsabove, @A��B��6!²B�.«³�B/�´����.�S`�X. if andonly if @x\]�1S`�6)µS . Similarly
for CD��B�� .
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Proof: This follows from Takács’lemma(Takács,1962,page46).

Lemma 3.2 For anya.s.finitestoppingtime ¶ and
� .�¯NZR!a�

�'·V� ������¶��¸t s @�O�¹xOj.
�'·�·V� F/� ���I�'¶��X�²t s .
�'·�·�·V�¸F º%» J � ¼ � t s .

where º,�U����.�½¥� , ½>�L¾X¿eÀ�Á(ÂPÃ <`Ä �wÅ ��B�Æ�@5��B��1� .
Proof: (i) and(ii) follow directly from Williams (1991,page101). The proof of (iii) is asfol-
lows. From (i) andLemma3.3 it is sufficient to considerF º » J � <`� . Using the theoremof total
expectationwesee

F º » J � <`� � ºÈÇ l ���������%��S�r��
�
É �c�

~
fo��� º

f Ç l ���������%�#·Pp ©fwnc�%�#Ê^r�Ç l 8fone�%�#Ê^r�O (2)

We take @PfR�ËÇ l �R�W�Ë·Vr . Now the valuesof Ç l ���I�����W�Ë·Pp 8fonc�W�ËÊ^r areshown in Table1 in
Section5. Thussubstitutingin (2) wearriveat

F º » J � <(� � º @I<��
~

Ì � � vc� @
Ì S��

~
fo�c� º

f Ç l 8fK��S�r

�
�
É ���

~
Ì � � vc� @

Ì n É vc�
~
fw�c� º

f Ç l 8fK�#Ê^r

) º
�
É �c�

~
Ì � � vc� @

Ì n É vc�
~
fo�c� º

f Ç l 8fK�#Ê^r�O

In orderto find
~fw�c� º f Ç l 8fK�#Ê¬r , wedefinethevector

Í f ����Ç l ©fK��S`r�.1Ç l 8fK�Lª�r�.������I.�Ç l 8fK�Lzer��X.
thesub-stochasticprobabilitytransfermatrix

Î�Ï �
@��¸@x� @IÐ �����²@ � nc� @ �
@I< @^�¸@I� �����²@ � n�� @ � nc�
� @x< @��¸�����²@ � n�Ð @ � n��

...
� � � ����� @x< @��

. (3)

and Í � ����@��X.�@I�x.�O�O�O�.�@ � � , thevectorof initial probabilitiesgivena transitionfrom =<6�&� . Then

Í f � Í � Î�Ï fwnc� O
Weseekconditionsunderwhich ~

fo�c� º
f Î�Ï f
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converges. From Householder(1964,page54) this seriesconvergesfor p º�p Y¢� Î Ï ��t S , where
Y¥� Î�Ï � is thespectralradiusof matrix

Î�Ï
. Giventhisconditiontheseriesconvergesto �wÑ T�º Î�Ï � nc� .

FromBarnettandStorey (1970,Theorem2-9-3)weseethat Y¥�oÒ°��)Óp p ÒÔp p for any matrixnorm p p ÒÕp p .
Fromthis theseriesconvergesif p º�pjp p Î�Ï p p�tÖS .

Wedefine p p ÒÕp p Á for B��U����.�S(� by

p p ÒÕp p Á � ×=Ø(Ùfo�c�_Ä�Ú Ú�Ä �
�
É �c� p§@Pf

É p§B É n�f .

for a matrix Ò �¸��@xf É � . This satisfiesproperties(I),(II),(III) and(IV) of Householder(page41)
andis consistentwith thevectornorm

p p Û;p p Á �Ü×ÝØ`Ùfo�e��Ä Ú�Ú � p Þ5f�p§B �]n�f O
Now

p p Î�Ï p p Á � ×=Ø(Ù
�
É �c� @

É B É nc� .
� ne�
É ��< @

É B É nc�

t
�
É ��< @

É B É nc�

t @A��B��
B .

sothat S
p p Î�Ï p p Á ! B

@A��B�� O
Thusthereexistsa B�<6�U�§��.�S`� suchthat

º,) ¾X¿eÀÁ(ÂDÃ <`Ä �]�
B

@5��B�� t
S

p p Î�Ï p p Á �
O

Thustheseriesconvergesfor thedesiredrangeandhencetheresult.

Lemma 3.3 For anya.s.finitestoppingtime ¶ and Y�[�t�S
��� �'¶¥�%t s @ Oj¹xO

Proof: (i) If thesystemis in phase1 we useLemma3.2 (i) which impliesthat thesystemgetsto
phase2 in afinite amountof time with probabilityone.
(ii) Oncethesystemis in phase2 it behavesasanordinaryM/G/1 queuewith meanservicetime
S`Æ`¯K[ , until reachingstate0again. Thusthenormalstabilityconditionsfor theM/G/1queueprovide
theresult.

Theorem3.1 If Y�Z��G����.�S(� and Y^[«�G����.�S`� , thestoppingtime �`���'¶�� is regular for themartingalel �>7A��B��X.�9��&��.�S`.�O�O�Ojr andfor B��U�§��.�S(� therelationshipbelowholds

F 45��¶�t s .������'¶���t s � B
@A��B��

ß J � ¼ � B
CD��B��

ß�à � ¼ �jn ß J � ¼ � 0 ¼ � 45��¶�t s �XBI�¥áIB �(� �¥á ��<(� @�O�¹xO
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Proof: This is omittedasit followsdirectly from asimilarproof in BaccelliandMakowski (1985).
Thecasewith Y�Z��L� is excludedasthesystemis thentrivial.

Theorem3.2 Theresultsof Theorem3.1canbeextendedto thecaseY�ZR�U����. s � .
Proof: When B&t @A��B�� the proof above appliesand so we will only considerthe casewhen
BWyâ@5��B�� . FromLemma3.3, �`���'9�� is almostsurelyfinite. We useNeveu(1975,IV-3-16) to show
thestoppingtime �`������� is regular for themartingaleandhence��� ��9�� is regular. Condition(1) of
thisproposition,

ã » à � <`�¦ä ~3å
p§� » à � <(����B��xp§æ çLt s .

is automaticallysatisfiedfor ourmartingale.Condition(2),

è h ×7�é ~ ã » à � <(�¦ê�7 å
p§�>7���B��Ip§æ ç&�&��.

canbeseento besatisfiedasfollows. Themartingaleis non-negativesowestartwith

p§�>7���B��Ip§45����� ������!9��¸� 45�'���������%!#9��XBI���
7�nc�
� ��<

BI�(� ���1���<`�
@5��B��V45��{ � �N�,CD��B��V45��| � �

) 45�'� � �����%!#9�� B
@5��B��

» J � <(�jë(7 B
CD��B��

� 7�n » J � <`���jì�< @�O�¹xOj.

on B��U�§��.�S(� . Lemma3.1 implies B�Æ�CD��B���tÖS for B��U����.�S`� andY�[:tÖS soweget

45�'���������%!#9�� B
@5��B��

» J � <(�jë(7 B
CD��B��

� 7�n » J � <`���jì�< ) 45����� ������!9�� B
@A��B��

» J � <`� .

which tendsto zeroalmostsurelyas9 tendsto infinity. Also

p �>7A��B��xp§45���`��������!9��¸) B
@A��B��

» J � <`� @ O�¹PO�.

whichhasfinite expectation(by Lemma3.2). Soby thedominatedconvergencetheorem

F��§�>7���B��X45����� ������!9��X�cí ��.
as9�í s . Neveu(1975,propositionIV-3-12) impliesthatDoob’soptionalsamplingtheoremcan
beapplied,whencetheresult.

4 The relationship

As outlinedin the introductionwe wish to establisha relationshipbetweenthequeuelengthand
a modifieddiscrete-timeMarkov renewal process,themodificationbeingof thetypedescribedin
NakagawaandOsaki(1976)in whichnotall of thestatesarerenewal states.Thatis, theepochsof
transitionto certainstatesarenot renewal points. Thecasein questionis thesimplestnon-trivial
versionof theMarkov renewal processof typeI in Nakagawa andOsaki(1976)in which thereis
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X  > k  or  X  = 0

X  = 0

n

21

n

n

Figure1: TheMarkov renewal process(state2 is thenon-renewal state).

only onerenewal stateandonenon-renewal state(seeFigure??). Thetransitiontimescorrespond
to thestoppingtimes

l bcf�.1d�f�r asdefinedin Section2, that is, transitionsfrom Sîí ª occurat the
times

l d$f�r while transitionsfrom ªWí S occurat thetimes
l bcf�r . Clearlya transitionfrom S�í ª

mayoccurat thesametime asa transitionfrom ªWí S when d f �´b fwvc� . In this casewe treatit as
thoughthetransitionsoccurin theorder S�í ª�í S with zerotimespentin stateª .

In this processbcfovc��TÕd$f is not independentof 0�ïxð , however bcfovc��T�bcf is independentof 0�ñDð .
Recurrencefollowsfrom Lemma3.3.Thustheprocessis of thetypeof Markov renewal processes
describedabove.

In this context ¯����'¶¥� and ¯$� ��¶��ET¯�����¶�� areforward recurrencetimes,that is, theamountof
time from stoppingtime ¶ spentin states1 or 2, respectively, prior to the transitionfrom state2
to 1 which is associatedwith the renewal. Also, given that the processstartswith a renewal at
time 0, thetimes ®�������� and ®`�������¥T�®�������� aresojourntimesfor theMarkov renewal process.The
connectionbetweenthe forward recurrencetimesand the sojourntimes in this type of Markov
renewal processcanbederivedby anextensionof theKey renewal theorem.A proof of this can
befoundin Roughan(1994).

The following resultestablishesthe fundamentalrelationshipbetweenthe probability gener-
ating function for the queueingprocessandthat of the forward recurrencetimesof the Markov
renewal process.

Theorem4.1 For 9�t s , Y�ZR!&� , Y�[:tÖS and B��+�§��.�S(� ,

F B �¥� � F B
@A��B��

ò J � 7�� B
CP��B��

ò�à � 7��jn ò J � 7�� O

Proof: We useTheorem3.2with ¶Ô��9 where9ót s a.s.Multiplying by theindicatorfunction
45�'©7������� , notingthat 45����� � ��45����� andthat 45��bE�V45��bNôV�3�â� andalsousingthe 0�7 -measurability
of 45��87���&��� , weget

F 45��87°��L���V45��®`� ��9���t s � B
@5��B��

ß J � 7�� B
CD��B��

ß�à � 7���n ß J � 7�� 0�7 � 45�'©7°��&���XB �¥� @�O�¹xO
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Takingexpectationsgives

F 45�'©7°��&���X45��®`� ��9��%t s � B
@A��B��

ß J � 7�� B
CP��B��

ß à � 7��jn ß J � 7�� � F 45�'©7°��&���XBI�¥� O

Theterm 45��®`� ��9��6t s � canberemoved,asLemma3.2 (iii) andthefact that B�Æ�CD��B��6tõS entails
thatthecontribution to theexpectationmadewhen ®`� ��9¢�%� s is zero.Notethat

� 87��L���²ö©÷ � ¯%����9��%�&��.E¯$���'9��%�&���j.
� 87°��L���²ö©÷ � ¯%����9��%�L®�����9¢�V.E¯$� ��9��E�G®`� �'9��X�jO

Fromthiswearriveat

Ç l ¯%����9��E�L��.1¯$� ��9��%�&��r � F 45��¯%�I�'9��V.�¯$���'9�� notboth ��� B
@5��B��

ò J � 7�� B
CD��B��

ò�à � 7��jn ò J � 7��

� Ç l 87��&��r«�,F 45��87°��L���VB��¥� .
andhence

F B �¥� � F B
@A��B��

ò J � 7�� B
CP��B��

ò�à � 7��jn ò J � 7�� O

Remark: If we take ø Q7 �'Þ¥.�ùA� to betheprobabilitygeneratingfunctionfor theforwardrecurrence
timesin theMarkov renewal process,theprevioustheoremimpliesthat

F B �¥� �Lø Q7 B
@5��B�� .

B
CD��B�� O (4)

Theorem4.2 For Y Z !a� , Y [ tÖS and B��U����.�S`� andgiventhat  < �&� ,

F B
@5��B��

ß J � <(� B
CD��B��

ß�à � <`�jn ß J � <(� � B�O

Proof: As in theproof of Theorem4.1we multiply by anindicatorfunction,in this case45��87=�
��� , andthentakeexpectationsto derive

F 45�'©7��&��� B
@A��B��

ß J � 7�� B
CD��B��

ß�à � 7��jn ß J � 7�� � F��§B�45�'87��&���1�I.

whichwhenweassume=<6�&� gives

F B
@5��B��

ß J � <(� B
CD��B��

ß�à � <`�jn ß J � <(� � B�O

Remark: This providesa relationshipfor the numberof customersserved in eachphaseduring
thebusyperiod. Unlike theunalteredM/G/1 queue,discussedin BaccelliandMakowski (1989),
this doesnot uniquelydeterminetheprobabilitygeneratingfunctionfor thenumberof customers
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served. However, it doesuniquelydeterminethis probability generatingfunction in conjunction

with theresultfor F Á[ � Á �
ß�à � <`�jn ß J � <(� , which is describedlaterin Theorems5.1and5.2.As noted

beforethat the times ®�������� and ®`� �����:Tu®�������� canalsobe consideredto be sojourntimesin the
Markov renewal processsothat if ú Q �'Þ¥.�ù5� is theprobabilitygeneratingfunction for thesojourn
timesthen

ú�Q B
@A��B�� .

B
CD��B�� �GB�O (5)

4.1 The limit as û .

Theorem4.3 For thedefinitionsaboveand Y�ZR!a� , Y�[�t�S wehave

è h ×7�é ~ F BI�¥� � Sm ú Q �1S�.�B�Æ�CD��B��X�NTUú Q ��B�Æ�@5��B��V.�B�Æ�CD��B��X�
SETUB�Æ�@5��B�� � SET+ú Q �1S�.�B�Æ�CD��B��X�

S%T+B�Æ�CD��B�� .
where

m
is a normalisingconstant.

Proof: If we take theprobabilitygeneratingfunctionfor theforwardrecurrencetimesfrom timen
in theMarkov renewal processto be ø Q7 ��Þ�.1ù5� thenfrom equation(4),

F BI�¥� �Lø�Q7 B
@A��B�� .

B
CP��B��

on B��U�§��.�S(� . FromRoughan(1994)wehave theresult

è h ×7�é ~ ø�Q7 ��Þ�.1ù5�%� Sm ú Q �1S�.�ù5��T+ú Q ��Þ�.1ù5�
S%T�Þ � SET+ú Q �1S�.�ùA�

S%T�ù .
where

m
is a normalisingconstantand ú Q �'Þ¥.�ùA� is the probability generatingfunction for the

sojourntimesin themodifiedMarkov renewal process.This is true for all Þ and ù suchthat the
left-handsideconverges. For ÞG�ü�§��.�½�� and ù��g����.�S`� , Þ ò J � 7�� ù ò�à � 7��jn ò J � 7�� is boundedabove by
Þ ò J � 7�� andLemma3.2 (iii) implies that F Þ ò J � 7�� t s . Thusfrom thedominatedconvergence
theorem,ø Q7 ��Þ�.1ù5� convergesfor all Þ´�ý�§��.�½�� and ùa�±����.�S`� . Hencethe result follows for all
Y�ZR!&� andY�[��U�§��.�S(� .
Corollary 4.1 For Y^ZR!a� , Y^[��U�§��.�S(� and B��U����.�S`� wehave

F B�� � Sm ú Q �XS`.�B�Æ�CD��B��1��T+B
SETUB�Æ�@A��B�� � SETUú Q �1S�.�B�Æ�CD��B��X�

SET+B�Æ�CD��B�� .
where �������íþ in distributionas �3í s .

Proof: Cooper(1972,page154), implies that for this systemin equilibrium, thearrivalsseethe
samedistributionasthatthedeparturesleave. ThusasPoissonarrivalsseetimeaverages(PASTA,
Wolff, 1989),wecanseethat è h ×7�é ~ F B��¥� � è h ×ÿ é ~ F BI� � ÿ � O
Fromtheboundedconvergencetheorem

è h ×ÿ é ~ F B � � ÿ � �GF è h ×ÿ é ~ B � � ÿ � O
Relationship(5) statesú Q ��B�Æ�@A��B��X.�B�Æ�CD��B��1�%�GB andhencetheresult.
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5 Calculating ���������
	��
FromCorollary4.1wecanseeweneedtocalculateú Q �XS`.�B�Æ�CP��B��1� in ordertocalculatethesolution.
Againwe resortto themartingaleargumentsof Section3.

Theorem5.1 Giventhepreviousdefinitions,Y^ZR!a� , Y^[�tÖS , for all B��U����.�S`�

ú�Q S`. B
CD��B�� �GF BI�� J�� ��� O

Proof: WeuseTheorem3.2again,choosing¶��#��������� . Wehave

F 45��®N�'���I�����1��t s � B
@5��B��

ß J � » J � <(�j� B
CD��B��

ß�à � » J � <`�j��n ß J � » J � <(�j� 0 » J � <(� � B �  J�� ��� B �(� �  J�� ��� ��<(� @ Oj¹xO

Following theprocedureof Theorems4.1and4.2wederive

F B
@5��B��

ò J � » J � <(�j� B
CD��B��

ò�à � » J � <(�j�jn ò J � » J � <`�j� � F B �  J � ��� O

Now ¯��������I�����1�%�&� and̄K� �'���I�����1�%�L®`� �����NTU®�������� , so

F B
CD��B��

ß�à � <(�jn ß J � <(� � F BI�� J�� ��� .

andtherefore

ú�Q S`. B
CD��B�� �GF BI�� J�� ��� O

Theorem5.2 Giventhepreviousdefinitions,z=y²S , Y�ZR!&� , Y�[:tÖS and B��U�§��.�S(� ,

F B �  J�� ��� � @A��B��
B SET B

@5��B�� ��� �oÑ�T Î�Ï � nc��� ÿ �,B�.

where
Î�Ï

is thesub-stochasticmatrixdefinedby(3), Ñ is the z x z identitymatrix,
� ����B�.�B � .�O�O�O�.�B � �

and ��� ���1S�.`��.�O�O�O�.`��� .
Proof: WeconsiderF B �� J�� ��� . Usingthetheoremof total expectationweget

F B �  J�� ��� � F B �%J p ���������%��S Ç l ���I�����E�²S`r
�

�
É �c�

~
fw��� F B�� ð p ���������%�#·�.�8fonc�%�#Ê Ç l ���������%�#·Pp 8fonc�E�,Ê^r�Ç l 8fonc�E�,Ê^r�. (6)

as8<«�&� . Thevaluesof

F B � ð p � � �����E�,·�.� fonc� �,Ê Ç l � � �����%�#·Pp  fone� �#Ê^r (7)

areshown in Table1. Thus,substitutingthevaluesof (7) in (6) wearriveat theequation
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F B �  J�� ��� p �����������Ý·�.18fone�%�#Ê Ç ã » J � <`����f�� � ð�� J � É å theproduct(7)

·���S ÊW�&� Z � v � �! � ¡ J Z � Á �Z � v � �! � ¡ J Z � @I<�� ~Ì � � vc� @ Ì @A��B��NT �Ì �c� @ Ì B Ì
·:!ÖS ÊW�&� � � �
·:!ÖS ÊW��S Z � v � �! � ¡ J Z � Á �Z � v � �! � ¡ J Z � @I<�� ~Ì � � vc� @ Ì @A��B��NT �Ì �c� @ Ì B Ì

·:!ÖS SetWÊ�) z � �! � ¡ J Z � �#" ¡ J Á �� �! � ¡ J Z � �#" ¡ J
~Ì � � ve� @ Ì n É vc� @5��B��VB É nc� T � n É vc�Ì ��< @ Ì B Ì v É nc�

Table1:

F B��� J�� ��� � @5��B��NT
�
Ì �c� @

Ì B Ì �
�
É �c� @A��B��VB É nc� T

�
Ì � � É nc�_��ìD�

@ Ì n É ve�VB Ì
~
fo�c� Ç

l 8fK�,Ê^r�O

In orderto find the
~fw�c� Ç l 8fK�#Ê¬r , wedefineÍ f , Î�Ï

and Í � asin theproofof Lemma3.2. Then

Í f � Í � Î�Ï fwnc� O
Usingstandardprobabilisticargumentswecanseethat

~
fo�c�

Í f � Í � �oÑ�T Î�Ï � nc� .

andsinceÍ � � �$� Î�Ï
wehave

Í � �wÑ�T Î�Ï � nc� � T �$� � ��� �oÑ%T Î�Ï � nc� O
Taking %%��B��%����&e����B��V.'&D����B��X.�������.(& � ��B��X� , where

& É ��B��%� @A��B��XB É nc� T
�

Ì � � É nc�]�jìD�
@ Ì n É vc�VB Ì .

weget

F BI�� J�� ��� � &c����B��K� ~
fo�c�

�
É �e� Ç

l ©f$�,Ê^r#& É ��B��
� ��� %

ÿ ��B��N�
~
fw�c�

Í f % ÿ ��B��
� � �$� T ��� � �$� �wÑ�T Î�Ï � nc� ��% ÿ ��B��
� ��� �wÑ�T Î�Ï � nc� % ÿ ��B��V.

where,% ÿ ��B�� denotesthetransposeof therow-vector %%��B�� . We cansimplify & É ��B�� andhence%%��B��
by taking

� ����B�.�B � .�O�O�O�.�B � �V. to derive

% ÿ ��B��?� @A��B��
B

� ÿ T Î�Ï � ÿ .
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andthereforewecanwrite F BI�  J�� ��� as

F BI�� J�� ��� � ��� �oÑ%T Î�Ï � nc� @5��B��
B

� T Î�Ï � ÿ

� @5��B��
B �$� �wÑ�T Î�Ï � nc� � ÿ T ��� �oÑ%T Î�Ï � nc� Î�Ï � ÿ

� @5��B��
B �$� �wÑ�T Î�Ï � nc� � ÿ � ��� Ñ �

ÿ T �$� �oÑ%T Î�Ï � nc� � ÿ
� @5��B��

B �$� �wÑ�T Î�Ï � nc� � ÿ �+B«T �$� �oÑ%T Î�Ï � nc� � ÿ
� @5��B��

B SET B
@5��B�� �$� �oÑ%T Î�Ï � nc� � ÿ �+B�O

6 The equilibrium solution

Thesolutioncannow befound.

Theorem6.1 With thepreviousdefinitions,Y�Z�!´� , Y�[«�&�§��.�S`� , z°ygS and BÝ�L����.�S`� theequilib-
rium solutionis

F BI� � Sm CD��B��I�1SETUB��K� l CD��B��NTU@5��B��Vr6� � � �oÑ�T Î Ï � nc� � ÿ �
CP��B��NT+B .

where
m �1S%T�Y^[X�E�²S�� l Y^Z;TÔY�[Vr6� ��� �wÑ�T Î�Ï � nc�*) ÿ � and ) �²�1S�.�S�.�S`.�O�O�O�.�S(� .

Proof: Substitutingin theresultsof Corollary4.1andTheorem5.2gives

F B � � Sm ú Q S�. Á[ � Á � TUB
S%T ÁZ � Á �

� SET+ú Q S`. Á[ � Á �SET Á[ � Á �
� Sm SETUB

SET Á[ � Á �
� ú Q S`. Á[ � Á � T+B

SET ÁZ � Á �
T ú Q S`. Á[ � Á � T+B

SET Á[ � Á �
� Sm CP��B����XSET+B��

CD��B��NTUB �
ÁZ � Á � T

Á[ � Á � ú Q S`. Á[ � Á � TUB
�XSET ÁZ � Á � ���XSET

Á[ � Á � �
� Sm CD��B��I�1SETUB��K� l CD��B��NTU@5��B��Vr6� ��� �oÑ�T Î�Ï � nc� � ÿ �

CP��B��NT+B O
In this theoremwe treat

m
asa normalisingconstant.It canbeinterpretedasthemeannumberof

servicesduringabusyperiod.Eitherof thesefactsmaybeusedto derive its enunciatedvalue.
Remark: Theprobabilitygeneratingfunctionfor thestationaryM/G/1 queueis simply

F B�� � Sm CD��B����XSET+B��
CP��B��NT+B . (8)

where
m �þS�Æe�XS*TY5� . This suggeststhat the resultof Theorem6.1 is merelythis solutionplus

a correctingtermderived from themodifiedbehaviour duringphase1. This is relatedto the fact
that this modificationis equivalentto anextendedmodificationof theboundaryconditionsof the
queue.
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7 Limiting cases

Thereareseveralspecialcasesof thissystemwhichhavebeenexaminedin detailin theliterature.
Thesimplestis theM/G/1 queue.Theprobabilitygeneratingfunctionfor theequilibriumnumber
in theM/G/1 queueingsystemis expressedin (8). This is thesolutionwe expectto get from the
following specialcases.If @A��B����ÖCP��B�� thesolutionis immediate.If z�í s and Y�Z�tgS we also
expectthis solution. As z í s , ú Q �XS`.1ù5� , which is thegenerationfunction for the time spentin
phase2, approaches1. This is becausetheprobability thatzerotime is spentin thesecondphase
approachesone.Hence

F©� BI���c� Sm SETUB
SET ÁZ � Á �

� Sm @A��B����XSETUB��
@5��B��NT+B O

Thecasewhen z>�Ó� includessuchexamplesastheM/G/1 queuewith server vacationsor a
warmuptime. Thesearesituationsin whichtheservice-timedistributionis differentfor acustomer
arriving atanemptysystem.Thesolutionto thesesystemsis givenin Yeo(1962,Theorem3) as

F B � � Sm CD��B���T+B�@5��B��
CP��B��NT+B .

where
m

is givenby m � Y�[�TuSET�Y^Z
Y�[�TuS O

In this case,usingour technique,Theorem5.1gives ú Q �XS`.�ùA� as

ú�Q S`. B
CD��B�� �GF B � ,+ � � � O

The right-handsideof this equationis simply @5��B�� . Once ú Q �1S�.�ù5� is known we canwrite the
solutionusingCorollary4.1as

F/�§BI�«��� Sm ��@5��B��NTUB����XSET Á[ � Á � �K�G�1SETU@5��B��1�I�1SET ÁZ � Á � ��1SET ÁZ � Á � �I�1SET
Á[ � Á � �

� Sm CD��B��NT+B�@5��B��
CD��B��NT+B O

8 Conclusion

Conventionallythetypeof queueingsystemconsideredin thispapercouldbesubsumed
underthegeneralblock-matrixmethodologyof theM/G/1 type(seeNeuts(1989)).While versatile
andableto dealwith a numberof extensionsof this sortof problem,theblock-matrixapproachis
bettersuitedto numericalcomputationratherthanthederivationof analyticalformulaesuchaswe
derive here.Of coursethegeneratingfunctionexpressedin Theorem6.1requirestheinversionof
a z x z matrix �wÑ�T Î�Ï � . However this matrix is alreadyin lower Hessenburg form (seeGoluband
vanLoan(1983))whichmakesit muchlesscomputationallyexpensive to calculateits inverse.
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The block-matrixmethodologywould typically include the phasein the currentstateof the
process,makingthestateof theembeddedprocess�'©7�.�Ç
-5@ ¹/.�� . Thencetheprobabilitytransition
matrixwouldbepartitionedinto sub-blockssoasto obtaina repeatedstructuresuchas

Î �
	;< 	î�¸	;� 	:Ð �I���
�:< �R� �:� �:Ð �I���
� �:< �R� �:� �I���
� � �:< �R�¸�I���

...

O

Thiscanthenbeusedto createanumericalalgorithmto deducetheequilibriumprobabilitiesof the
system.In this currentsystemit is difficult to seehow � � and 	 � couldbelessthan z x z matrices
makingthecomputationsinvolved in thealgorithmof at leastthesameorderof difficulty asthe
matrix inversionrequiredfor thesolutionherein.

The methodof this papercan be extendedin a numberof ways. For instancethroughout
this paperwe have swappedto thesecondservicedistribution whenthesystemhadmorethan z
customersin it. Any stoppingtime ���I�'��� which occursat the endof a serviceandwhich is less
than ��� ����� andgreaterthan � is acceptable.Thusit couldoccuraftera numberof servicesin the
busy period, or at a completelyrandomtime. Given a thresholdfor which Lemma3.2 holds,
Theorems3.1-2,4.1-3,5.1 andCorollary 4.1 all remainunchanged.Only Theorem5.2 mustbe
modifiedto suit thealteredthreshold.Extensionsto multiplethresholdproblemscanalsobemade.

BaccelliandMakowski haveusedtheir techniqueto produceresultson thetransientbehaviour
of theM/G/1 queue.Theanalysisof thispapercanalsobeextendedto dealwith transients,though
theformulaeinvolvedareverycomplicatedandof questionableutility.
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