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Spatially Embedded Random 
Graphs (SERNs) 

n  There is a cost for longer (physical) links 
n  $ for physical cables 

n  Power in wireless networks 

n  Time/effort to maintain longer links 

n  Model this by  
n  Generate random point/nodes in a metric space 

n  Link nodes with probability dependent on distance 

n  Many examples (with many different names) 

n  Geometric random graphs 

n  Waxman 

n  … 

pij = h(dij)
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The Waxman Random Graph 

n  Waxman used an exponential distance deterrence function 

n  Why this particular case 

n  One of the earlier models (1988) and very often used 

n  Tractable 

n  Lots of generalisability 

n  Notes 

n  My parameterization is a bit different 

n  Waxman, despite the exponential function, is not an ERGM 

n  Distances are not latent 

pij = qexp(−sdij)
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Maximum Likelihood Est (MLE) 

n  Assume independence 
n  Crank the MLE handle* 

n  Sufficient statistics 

n  Number of nodes 

n  Average edge length 

n  Get an equations to solve 

n  Pros 
n  MLEs come with many useful results (asymptotic normality)* 

n  Input needed is very small 

n  Can even work with sampled links 

n  O(E) calculation 

n  Cons 
n  Model dependent 

n  Numerically heavy (unless you are careful) 

* - there are some subtle technical issues 

G '(s)
G(s)

= −d
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Internet Data 

n  Mercator Internet data: 
https://ieeexplore.ieee.org/document/832534 
n  Traceroutes (IP level 3 topology) 

n  Data problems 

n  Missing data 

n  Aliasing 

n  Geolocation errors => short distances are wrong 

n  Timing estimates for “non” links are bad, so can’t use  

 
Region  

 
N  

 
E  

Average length 
(miles) 

 
S 

USA  123426  152602  384.7 6.63 

EUROPE  32928  30049  319.5 10.09 

JAPAN  14318  16665  317.6 7.30 
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Narrative Networks 

n  Typically 

n  Form a network of characters 

n  Nodes = characters (88 identified) 

n  Edges = by association (often proximity in text) 
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Making Money Network 
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The Discworld 

0                    1
0         

       
   20     

     
     

   3
0    

    
    

    
   

 4
0   

   
   

   
   

   
 5

0 
  

   
   

   
   

   
60

   
   

   
   

  
  
  
7
0
  
  
  
  
  
  
  
  
  
 8

0
  
  
  
  
  
  
  
  
  

  
9

0
  

  
  
  
  
  
  
  
 1

0
0
  
  
  
  
  
  
  
  
 1

1
0
  
  
  
   

   
   

  1
20

   
   

   
   

   
 1

30
   

   
   

   
   

 1
40   

    
    

    
  1

50    
     

     
   1

60             
   170                180                 190                200                 210                 220                 230                 240                2

5
0
                 2

6
0
                  2

7
0

                 2
8
0
                 2

9
0
                 300                 310                  320                 330                 340                 350

0 250 500 750 1000 miles

"Ten thousands of miles. I just patrol this length.”

“That’s a third of the way around the disc!”

The Colour of Magic

HUB
Cori Celesti &

Ankh-Morpork

Lancre

Goruna Trench

Rim 
Ocean

Tu
rn

w
is

e
 

  
  
  
  
  
O

ce
a
n

W
iddershins

Ocean

Gulf of Tezuma

Sumtri

Cape Terror

Khanli

Lake
Yo
Yo

Farfree

Krull

H
akrull river

Zabingo Urabewe

Laotan

Urt

Tetse

Turn Wi

S'Belinde

Tezuman
Empire

Ee

Ymitury

Hersheba

Syrrit
Tso

rt 
River

Elharib

D
je

l 
R

iv
e
r

Al
Khali

Eritor

Gebra

El-Kinte

Circle Sea
Leshp

M
ou

n
ta

in
s 

of
 t

h
e 

S
u
n

Brown
Islands

Mythos

b
e
 T

ro
b
i 
Is

la
n
d
s Mount Raruaruaha

Mount Awayawa

Ting
Ling

Whale
Bay

Ecalpon

Purdeighsland

Terro
r In

cognita

The Big
Bight

Land of
Fog ?

Bhangbhangduc

Slakki ?

Nafooi ?

Agatean

Sea

N
o 

Th
in

gf
jo

rd

Ku

Dunmanifesting

Vanglemesh
H'Rull

Smale
Ushistan

Betrek
Omnia

Istanzia

Kl
at

ch
is

ta
n

Muntab
Re

hi
gr

ee
d 

Pr
ov

in
ceBrin

di
si

O
ro

ha
i P

en
in

su
la

G
ul

k
of

 B
rin

di
si

Bay of M
ante

Genua

Vieux River

   The
Swamp
      Sea

Borogravia

Überwald

Trollbone
Mountains

Rammerock
Mountains

Blade Mountains

Kythia

S
m

a
rl R

ive
r

Morpork
Mountains

Vortex
Plains

Hubland Steppes

Forest of
SkundSto   Plains

Carrack Mountains
Chim

eria

Octarine Grass Country

Cutshade
Forest

Llamedos

Caderack

Mountains

Wyrmberg

Hergen

Gonim

Sum Dim

Hunghung

Tito
Desert

Wung

Distr
ict

  
   

  
   

  
   

  

   
   

    
   

   
  
   

  

    

   
   

    

    

   
   

   
            H

ung
hu

n g

 R

iv
e r

H
un

gh
un

g 
R
iv

er

S'Belinde

Widder

Mount
 Oolskunrahod

R. Slipnir

Sto Helit

Sto Lat
Sto Kerrig

Chirm

Quirm

Pseudopolis

The Chalk

R
. 
Q

u
ir

e

R
. 
K
o
o
m

Zlobenia

R. Kneck

Rigour

PrinceMarmadukePiotreAlbertHansJosephBernhardtWillhelmsberg

Bear Mountain

Mount Gebra

Leaping
 Mountain

Trob

Holy Wood

Klatch Ephebe

Kom

Ts
or

t
D

je
lib

e
y
b
i

Harib

Il-Drim

Mono Island?

Ur

Meinem
  Gulf?

Smithville

Upper
Klatchistan

R. Al'Paka

Ghat

Bes Pelargic



+
Extracting locations 

n  Proper nouns 

n  People 

n  Things (Dates, Titles of Books, Organisations,…) 

n  Locations 

n  Proper nouns are in Title Case 

n  Should be easy? 

n  But 

n  Sentences begin with capitals (but could still be a proper noun) 

n  Clauses, e.g., “We start dialogue with a capital” 

n  Pratchett (and others) use capitals For Emphasis 

n  Numbers can be part of an address 

n  Multiword Proper Nouns can involve Joining Words 

n  Weird punctuation (interactions of quotations, brackets, and other) 

n  OCR errors 
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Making Money 
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Conclusion  

n  We can easily work with SERNs 

n  MLE estimate 

n  Many created worlds are rich and complex 

n  E.g. 

n  Discworld 

n  LoTR 

n  GoT 

n  Part of that is creating realism in relationships 

n  Maybe we will see this in spatial relationships 

n  “Making Money” wasn’t the best place to start 

n  Watch this space 
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Random Graphs 

n  Why random-graph models? 

n  Insights into formation of real networks 

n  Simulation models (in higher-level network sims) 

n  Understanding growth 

n  Predicting missing links 

n  Measurement and sampling methodologies 

n  … 

n  Tension between 

n  Realism 

n  Simplicity/tractability 



+
Random Graphs and SERNs 

GER

PA ERGM

SERN

small
world
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Possible Inputs 

n  All possible data 

n  Locations of all nodes, and which are linked 

n  Hardest to measure 

n  Ω(n2) 

n  All distances 

n  Distance between all pairs of nodes, and which are linked 

n  Hard to measure, not necessarily distance metric 

n  Ω(n2) 

n  All distance of existing links 

n  No information about “non” link distances, but assumed metric space 

n  Ω(e) 

n  Sampled link distances 
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GLM 

n  Assume independence and treat link/no link as a binary 
random variable dependent on the covariate of distance 

n  Link function is exponential 

n  Standard GLM fitting 

n  Pros 

n  Accurate* 

n  Cons 

n  Input: all distances 

n  Costly: Ω(n2) computation and memory 

 

* - there are some subtle technical issues 
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Log-linear regression 

n  Create scaled histogram of frequencies of distances as 
estimate of distance deterrence function 

n  Scaled histogram should be proportional to distance function 

n  Simple log-linear regression 

n  Pros 
n  Simple, fairly fast (histogram is Ω(n2) but fast) 

n  Regression diagnostics 

n  Cons 
n  All distances needed for the scaling g(d) 

n  Arbitrary bin size must be chosen 

n  Poor accuracy 

qexp(−sd )∝ freq(d || s,q) / g(d )
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Performance 
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Results (zoom) 
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Computation-cost tradeoff 
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Extra plots: MLE error v size  
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Extra plots: MLE error v density  
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Extra plots: estimating q  
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Extra plots: bias 
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Extra plots: time  
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Extra plots: region mismatch   
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